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Abstract
We demonstrate that Pleban´ski’s first heavenly equation decouples in infinitely
many ways into a triple of commuting (1+1)-dimensional systems of hydrodynamic
type which satisfy the Egorov property. Solving these systems by the general-
ized hodograph method, one can construct exact solutions of the heavenly equation
parametrized by arbitrary functions of a single variable. We discuss explicit exam-
ples of hydrodynamic reductions associated with the equations of one-dimensional
nonlinear elasticity, linearly degenerate systems and the equations of associativity.
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1 Introduction
The Pleban´ski first heavenly equation,
ΩxyΩzt − ΩxtΩzy = 1, (1)
governs Ka¨hler potentials of the 4-dimensional metrics
ds2 = 2Ωxydxdy + 2Ωztdzdt+ 2Ωxtdxdt+ 2Ωzydzdy,
which are simultaneously Ricci-flat and self-dual [20, 21, 14].
This equation was thoroughly investigated during the past three decades using various
technics. It’s integrability via the twistor construction was established in [20]. The
symmetry properties and conservation laws of the heavenly equation were studied in
[5, 22, 23, 18, 3, 1]. We refer to the review [2] for further references.
In this paper we propose an alternative approach to the construction of exact solutions
of the PDE (1), based on its decomposition into a family of commuting (1+1)-dimensional
systems of hydrodynamic type. This method was successfully applied to the dispersionless
KP equation in a series of publications [10, 11, 12, 16, 15], and subsequently extended
to the Boyer-Finley equation in [17, 13, 8]. In principle, it applies to any multidimen-
sional dispersionless ‘integrable’ system. Although, written in the form (1), the heavenly
equation is not quasilinear, one can introduce new variables
Ωxy = a, Ωzt = b, Ωxt = p, Ωzy = q, (2)
transforming (1) into the quasilinear form
at = py, az = qx, bx = pz, by = qt, ab− pq = 1. (3)
Hydrodynamic reductions are sought in the form
a = a(R1, ..., Rn), b = b(R1, ..., Rn), p = p(R1, ..., Rn), q = q(R1, ..., Rn), (4)
where the dependence of the ‘Riemann invariants’ R1, ..., Rn on x, y, z, t is governed by a
triple of commuting hydrodynamic type systems
Rit = v
i(R) Rix, R
i
y = w
i(R) Rix, R
i
z = µ
i(R) Rix; (5)
(notice that the number n of Riemann invariants is allowed to be arbitrary!) We recall, see
[24], that the requirement of the commutativity of the flows (5) is equivalent the following
restrictions on their characteristic speeds:
∂jv
i
vj − vi =
∂jw
i
wj − wi =
∂jµ
i
µj − µi , i 6= j, ∂j = ∂/∂Rj .
Substituting the ansatz (4) into the equations (3) and using (5), one readily arrives at
a system of PDEs for a, b, p, q, vi, wi, µi as functions of R1, ..., Rn, see equations (16) in
Sect. 2. Although overdetermined, this system is compatible, with the general solution
depending on 3n arbitrary functions of a single variable. All hydrodynamic reductions of
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the form (5) are automatically semi-Hamiltonian [24], that is, their characteristic speeds
satisfy the additional relations
∂k
∂jv
i
vj − vi = ∂j
∂kv
i
vk − vi , i 6= j 6= k, (6)
(the same constraints holding for wi and µi). Relations (6) imply the existence of the
diagonal metric
∑
gii(dR
i)2 such that
∂jv
i
vj − vi = ∂j ln
√
gii, i 6= j. (7)
This metric is clearly the same for the whole family of commuting flows (5),
∂jv
i
vj − vi =
∂jw
i
wj − wi =
∂jµ
i
µj − µi = ∂j ln
√
gii;
it plays an important role in the Hamiltonian formulation of the corresponding hierarchy
[6, 24]. The generalized hodograph method proposed by Tsarev [24], provides the general
solution of the system (5) by the implicit formula
λi(R) = x+ vi(R) t+ wi(R) y + µi(R) z, i = 1, ..., n, (8)
where λi(R) are the characteristic speeds of the general flow commuting with (16), that
is, the general solution of the linear system
∂jλ
i
λj − λi = ∂j ln
√
gii, i 6= j. (9)
Ultimately, the method of hydrodynamic reductions consists of the following steps:
— find a, b, p, q, vi, wi, µi as functions of R1, ..., Rn by solving the system (16);
— solve the linear system (9);
— express R1, ..., Rn as functions of x, y, z, t from the implicit relations (8);
— reconstruct Ω by virtue of (2).
In Sect. 2 we derive the involutive system of PDEs governing n-component reductions
of the heavenly equation. We demonstrate, in particular, that all such reductions satisfy
the Egorov property, that is, the diagonal metric gii defined by (7) possesses a potential:
gii = ∂iψ.
Diagonal systems satisfying the Egorov property play a particularly important role in
applications: examples thereof inlude isentropic gas dynamics, chemical kinetics, equa-
tions obtained by the Whitham averaging, hydrodynamic reductions of the dispersionless
KP and Boyer-Finley equations, etc. Egorov’s (potential) metrics and the corresponding
hydrodynamic hierarchies naturally arise in the context of 2D topological field theories
[7]. Multi-Hamiltonian Egorov’s systems were recently classified in [19].
One-component reductions (n = 1) of the heavenly equation are described in Sect.
3. Examples of two-component reductions associated with the equations of nonlinear
3
elasticity are provided in Sect. 4. Some multi-component examples are discussed in Sect.
5.
In this paper we concentrate on mathematical aspects of the method. The geometry
of the examples constructed requires a special investigation.
Remark 1. More general hydrodynamic reductions can be sought in the form a =
a(u1, ..., un), b = b(u1, ..., un), p = p(u1, ..., un), q = q(u1, ..., un), where the dependence of
u1, ..., un on x, y, z, t is governed by a triple of commuting hydrodynamic type systems
uit = v
i
j(u) u
j
x, u
i
y = w
i
j(u) u
j
x, u
i
z = µ
i
j(u) u
j
x,
which are no longer assumed to be strictly hyperbolic or diagonalizable. Reductions of
this type are presented in Example 3 (elliptic case) and Example 5 (parabolic case).
2 Properties of n-component reductions
Substituting a(R), b(R), p(R), q(R) into the equations (3) and using (5), one readily
arrives at the equations
∂iq = µ
i∂ia, ∂ip =
vi
wi
∂ia, ∂ib =
µivi
wi
∂ia; (10)
the differentiation of ab − pq = 1 implies a∂ib + b∂ia = p∂iq + q∂ip, which, by virtue of
(10), can be written in the form
vi = wi
pµi − b
aµi − q . (11)
Substituting (11) back into (10), one obtains
∂iq = µ
i∂ia, ∂ip =
pµi − b
aµi − q∂ia, ∂ib = µ
i pµ
i − b
aµi − q∂ia, (12)
A direct calculation of the compatibility conditions for equations (12) results in the fol-
lowing over-determined system for a:
∂i∂ja =
∂jµi
µj−µi∂ia+
∂iµj
µi−µj ∂ja,
∂jµ
i(aµj − q)∂ia+ ∂iµj(aµi − q)∂ja = (µi − µj)2∂ia∂ja.
(13)
The commutativity conditions,
∂jv
i
vj − vi =
∂jw
i
wj − wi =
∂jµ
i
µj − µi , (14)
with vi given by (11), imply
∂jµ
i =
wi∂ja(µ
j − µi)2
wi(aµj − q)− wj(aµi − q) . (15)
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Ultimately, combining (13), (14) and (15), we arrive at the following equations for a, q, wi, µi:
∂iq = µ
i∂ia,
∂jw
i
wj−wi =
∂jµ
i
µj−µi ,
∂i∂ja =
∂ia∂ja(wi+wj)(µj−µi)
wi(aµj−q)−wj(aµi−q) ,
∂jµ
i =
wi∂ja(µ
j−µi)2
wi(aµj−q)−wj(aµi−q) ,
(16)
i 6= j; notice that p, b, vi do not explicitly enter these equations. One can show by a direct
calculation that the system (16) is in involution, and its general solution depends on 3n
arbitrary functions of a single variable. For any solution of this system the characteristic
speeds vi of the first commuting flow are given by the formula (11) where the functions
p(R) and b(R) can be recovered from the equations (12), which are compatible by con-
struction. Moreover, equations (16) and (12) are consistent with the algebraic restriction
ab − pq = 1. Thus, the construction of n-component hydrodynamic reductions of the
heavenly equation is reduced to the solution of the system (16).
Remark 2. Introducing a potential ψ by the formula ∂iψ = ∂ia/w
i (the compatibility
is guaranteed by (16)), one can verify the identity
∂jµ
i
µj − µi =
∂i∂jψ
2∂iψ
, i 6= j,
implying that reductions (5) satisfy the Egorov property. The corresponding Egorov
metric is
∑
∂iψ(dR
i)2.
Remark 3. We have demonstrated that the system
Riz = µ
i(R) Rix,
which is the third commuting flow in (5), satisfies the Egorov property and possesses a
pair of conservation laws
a(R)z = q(R)x, p(R)z = b(R)x,
such that ab−pq = 1. Conversely, it can be shown that, given a Egorov system with a pair
of conservation laws satisfying the property ab − pq = 1, one can effectively reconstruct
the first two commuting flows in (5) and, thus, obtain a hydrodynamic reduction of (1).
Therefore, the description of hydrodynamic reductions is reduced to the classification of
Egorov’s systems with a pair of conservation laws satisfying ab − pq = 1. Although this
problem seems to be complicated in general, explicit examples can be constructed by
studying particular Egorov’s systems. As demonstrated in Examples 2 and 3, one and
the same Egorov’s system may possess different pairs of conservation laws satisfying the
requirement ab − pq = 1. It seems to be an interesting problem to classify such systems
in general.
In the two-component case, equations (16) can be rewritten in the new independent
variables a and q, assuming the form of a non-homogeneous system for µ1, µ2 and w1, w2:
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∂aµ
1 + µ2∂qµ
1 = w
1(µ1−µ2)2
w1(aµ2−q)−w2(aµ1−q) , ∂aµ
2 + µ1∂qµ
2 = w
2(µ1−µ2)2
w2(aµ1−q)−w1(aµ2−q) ,
∂aw
1 + µ2∂qw
1 = w
1(w1−w2)(µ1−µ2)
w1(aµ2−q)−w2(aµ1−q) , ∂aw
2 + µ1∂qw
2 = w
2(w1−w2)(µ1−µ2)
w2(aµ1−q)−w1(aµ2−q) .
(17)
Equations (17) are a direct analog of the Gibbons-Tsarev system [11, 12] governing two-
component hydrodynamic reductions of the Benney moment equations.
3 One-component reductions
One-component reductions of (3) are of the form a = a(R), b = b(R), p = p(R), q = q(R),
where R(x, y, z, t) solves a triple of hydrodynamic type equations
Rt = v(R) Rx, Ry = w(R) Rx, Rz = µ(R) Rx, (18)
which, in the one-component case, are automatically commuting. We recall that the
general solution of (18) is given by the implicit hodograph formula
f(R) = x+ v(R)t+ w(R)y + µ(R)z (19)
where f(R) is arbitrary. One can readily verify that equations (3) imply µ = q′/a′, v =
wp′/a′, so that the formula (19) assumes the form
F (R) = a′(R)x+ q′(R)z + w(R)(p′(R)t+ a′(R)y), (20)
where F = a′f . Moreover, equations (3) also imply that a, b, p, q are subject to the
constraints
ab− pq = 1, a′b′ − p′q′ = 0. (21)
Thus, one-component reductions of the heavenly equation are defined by the formulae (2)
where the functions a(R), b(R), p(R), q(R) satisfy the restrictions (21), and R(x, y, t, z) is
implicitly defined by (20). These solutions depend on four arbitrary functions of a single
variable (indeed, F,w and any two of a, b, p, q can be arbitrary).
Remark. As pointed to us by Y. Nutku, one can slightly ‘relax’ the scheme described
above, considering only two hydrodynamic equations
Rt = ν(R) Ry, Rz = µ(R) Rx, (22)
which, in the one-component situation, are automatically compatible. Indeed, the general
solution of the system (22) is given by the implicit formula
F (R, t+ ν(R)y, z + µ(R)x) = 0, (23)
where F is an arbitrary function of three arguments. Then equations (3) for a(R), b(R), p(R)
and q(R) imply
ν =
p′
a′
, µ =
q′
a′
, (24)
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along with equations (21). Choosing a(R), b(R), p(R), q(R) which satisfy equations (21)
and defining ν, µ by the formulae (24), we reconstruct the solution Ω(x, y, z, t) of the
heavenly equation by virtue of (2) where R(x, y, z, t) is defined by the implicit relation
(23).
We emphasize, however, that such ‘relaxation’ of the general scheme applies to one-
component case only: one can show that two strictly hyperbolic hydrodynamic type
systems
Rit = ν
i(R) Riy, R
i
z = µ
i(R) Rix, i ≥ 2,
are compatible if and only if there exists a third system
Riy = w
i(R) Rix
which commutes with both.
4 Examples of two-component reductions
Example 1. Let us consider the following triple of commuting systems,
R1t = 4e
2R2− 2
3
R1 R1x, R
2
t = 12e
2R2− 2
3
R1 R2x, (25)
R1y =
1
4
e−4R
2− 4
3
R1 R1x, R
2
y = −
3
4
e−4R
2− 4
3
R1 R2x, (26)
and
R1z = −e−2(R
1+R2) R1x, R
2
z = e
−2(R1+R2) R2x; (27)
the corresponding metric
e2(R
1+R2)[(dR1)2 + (dR2)2]
clearly satisfies the Egorov property. Notice that these systems belong to the hierarchy
of commuting flows of equations of isentropic gas dynamics with the polytropic constant
γ = 1. Introducing
a =
1
2
√
3
e
2
3
R1−2R2 , q =
1
4
√
3
e−
4
3
R1−4R2 , p =
4√
3
e
4
3
R1+4R2 , b =
8√
3
e−
2
3
R1+2R2 ,
one can readily verify the identities (3). Therefore, the corresponding solution Ω of the
heavenly equation (1) is given by the formulae
Ωxy =
1
2
√
3
e
2
3
R1−2R2 , Ωzt =
8√
3
e−
2
3
R1+2R2 , Ωxt =
4√
3
e
4
3
R1+4R2 , Ωzy =
1
4
√
3
e−
4
3
R1−4R2 ;
notice that these solutions are uniquely characterized by the property ΩxyΩzt = 4/3,
ΩxtΩzy = 1/3. In fact, one can explicitly calculate all second derivatives of Ω in terms of
R1, R2 as follows:
Ωxx =
2
3
√
3
e2R
1+2R2 , Ωxt =
4√
3
e
4
3
R1+4R2 , Ωxy =
1
2
√
3
e
2
3
R1−2R2 , Ωxz = − 43√3(R1 − R2),
Ωtt =
32√
3
e
2
3
R1+6R2 , Ωyt =
4√
3
(1
3
R1 − 3R2), Ωzt = 8√3e−
2
3
R1+2R2 , Ωyy = − 12√3e−
2
3
R1−6R2 ,
Ωyz =
1
4
√
3
e−
4
3
R1−4R2 , Ωzz = − 23√3e−2R
1−2R2 ;
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the compatibility conditions are identically satisfied by virtue of (25)-(27). Here the
Riemann invariants R1(x, y, z, t) and R2(x, y, z, t) are implicitly defined by the hodograph
relations
λ1(R) = x+ 4e2R
2− 2
3
R1 t + 1
4
e−4R
2− 4
3
R1 y − 2e−2(R1+R2) z,
λ2(R) = x+ 12e2R
2− 2
3
R1 t− 3
4
e−4R
2− 4
3
R1 y + 2e−2(R
1+R2) z,
where λ1(R), λ2(R) are the characteristic speeds of commuting flows of systems (25) -
(27) satisfying the linear equations
∂2λ
1
λ2 − λ1 = 1,
∂1λ
2
λ1 − λ2 = 1. (28)
The general solution of these equations can be represented in the form
λ1 = −∂1(we−R1−R2), λ2 = ∂2(we−R1−R2),
where the function w solves the linear equation ∂1∂2w = w.
Example 2. Modifying Example 1, let us consider the following triple of commuting
systems of hydrodynamic type:
R1t = e
−(R1+R2)(cos(R2 − R1)− sin(R2 −R1)) R1x,
R2t = −e−(R
1+R2)(cos(R2 − R1) + sin(R2 −R1)) R2x,
(29)
R1y = e
−(R1+R2)(cos(R2 −R1) + sin(R2 − R1)) R1x,
R2y = e
−(R1+R2)(cos(R2 − R1)− sin(R2 − R1)) R2x,
(30)
and
R1z = −e−2(R
1+R2) R1x, R
2
z = e
−2(R1+R2) R2x. (31)
Since the z-flow (31) coincides with the z-flow (27) from Example 1, the corresponding
Egorov metric will also be the same. Introducing
a = eR
1+R2 cos(R2 −R1), q = e−(R1+R2) sin(R2 −R1),
p = −eR1+R2 sin(R2 − R1), b = e−(R1+R2) cos(R2 −R1),
one can readily verify the identities (3). The corresponding solution Ω is given by the
formulae
Ωxx =
1
2
e2(R
1+R2), Ωxt = −eR1+R2 sin(R2 − R1), Ωxy = eR1+R2 cos(R2 − R1),
Ωxz = R
2 − R1, Ωtt = R1 +R2 + sin2(R2 −R1), Ωyt = − sin(R2 −R1) cos(R2 − R1),
Ωzt = e
−(R1+R2) cos(R2 −R1), Ωyy = R1 +R2 − sin2(R2 −R1),
Ωyz = e
−(R1+R2) sin(R2 − R1), Ωzz = −12e−2(R
1+R2).
(32)
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Here the Riemann invariants R1(x, y, z, t) and R2(x, y, z, t) are implicitly defined by the
hodograph relations
λ1(R) = x+ e−(R
1+R2)(cos(R2 −R1)− sin(R2 − R1)) t+
e−(R
1+R2)(cos(R2 −R1) + sin(R2 − R1)) y − 2e−2(R1+R2) z,
λ2(R) = x− e−(R1+R2)(cos(R2 − R1) + sin(R2 − R1)) t+
e−(R
1+R2)(cos(R2 −R1)− sin(R2 − R1)) y + 2e−2(R1+R2) z,
where λ1(R), λ2(R) are the characteristic speeds of commuting flows of systems (29) -
(31) which satisfy the linear equations (28) from example 1 (indeed, the flows (25), (26),
(27), (29), (30) commute with each other). In the new dependent variables
v = R2 − R1, ϕ = eR1+R2 ,
equations (29)-(31) take the conservative form
[ϕ2/2]t = [−ϕ sin v]x, [v]t = [cos v/ϕ]x, (33)
[ϕ2/2]y = [ϕ cos v]x, [v]y = [sin v/ϕ]x, (34)
and
[ϕ2/2]z = [v]x, [v]z = [−1/(2ϕ2)]x, (35)
respectively. Written in terms of u = ϕ2, equations (35) take the form of the nonlinear
elasticity equation uzz + (1/u)xx = 0. The corresponding equations (32) reduce to
Ωxx =
1
2
ϕ2, Ωxt = −ϕ sin υ, Ωxy = ϕ cos υ, Ωxz = υ,
Ωtt = lnϕ+ sin
2 υ, Ωyt = sin υ cos υ, Ωzt = cos υ/ϕ, Ωyy = lnϕ− sin2 υ,
Ωyz = sin υ/ϕ, Ωzz = −1/(2ϕ2).
Example 3. The elliptic version of equations (33)-(35) is
[ϕ2/2]t = [ϕ sinh v]x, [v]t = [cosh v/ϕ]x, (36)
[ϕ2/2]y = [ϕ cosh v]x, [v]y = [sinh v/ϕ]x, (37)
and
[ϕ2/2]z = [v]x, [v]z = [1/(2ϕ
2)]x, (38)
respectively. Written in terms of u = ϕ2, equations (38) take the form of the nonlinear
elliptic equation uzz − (1/u)xx = 0. The corresponding equations for Ω reduce to
Ωxx = ϕ
2/2, Ωxt = ϕ sinh υ, Ωxy = ϕ cosh υ, Ωxz = υ, Ωtt = sinh
2 υ − lnϕ,
Ωyt = sinh υ cosh υ, Ωzt = cosh υ/ϕ, Ωyy = cosh
2 υ + lnϕ,
Ωyz = sinh υ/ϕ, Ωzz = 1/(2ϕ
2).
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5 Examples of multi-component reductions
Example 4. The simplest possibility is to set wi = 1 in equations (16). In this case
equations for a simplify to a∂i∂ja = 2∂ia∂ja, so that, up to a transformation R
i → f i(Ri),
the function a can be choosen in the form a = 1/(R1 + ... + Rn). Hence, equations (16)
become
∂iq = µ
i∂ia,
∂jµ
i
µj − µi = −
1∑
Rk
, (39)
while vi and p, b are defined by (11) and (12). We point out that the choice wi = 1
implies Ω = Ω(ξ, z, t), ξ = x+ y, leading to the equation
ΩξξΩzt − ΩξtΩξz = 1, (40)
which is a reduction of the heavenly equation by a self-dual symmetry [4, 9]. Therefore,
equations (39) (which are manifestly linear) describe hydrodynamic reductions of (40).
Choosing, for instance,
µi = ci
∑
Rk −
∑
ckRk
where ci are arbitrary constants, one can readily solve the remaining equations (39), (11),
(12) for q, vi, p, b, obtaining
vi =
∑
Rk/ck − 1
ci
∑
Rk
and
a = 1∑
Rk
, q = −
∑
ckRk∑
Rk
,
p =
∑
Rk/ck∑
Rk
, b =
∑
Rk − (
∑
ckRk)(
∑
Rk/ck)∑
Rk
.
(41)
Thus, we have constructed hydrodynamic reductions of the equation (40):
Rit =
(∑
Rk/ck − 1
ci
∑
Rk
)
Riξ,
Riz =
(
ci
∑
Rk −∑ ckRk) Riξ;
(42)
the associated Egorov metric is
ds2 =
(dR1)2 + ...+ (dRn)2
(
∑
Ri)2
.
The corresponding solution Ω(ξ, z, t) is given by the formulae
Ωξξ =
1∑
Rk
, Ωzt =
∑
Rk − (
∑
ckRk)(
∑
Rk/ck)∑
Rk
,
Ωξt =
∑
Rk/ck∑
Rk
, Ωξz = −
∑
ckRk∑
Rk
.
(43)
Here the dependence of Ri on ξ, t, z is defined by the generalized hodograph relations
λi(R) = ξ +
(∑
Rk/ck − 1
ci
∑
Rk
)
t +
(
ci
∑
Rk −
∑
ckRk
)
z,
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where λi(R) are the characteristic speeds of commuting flows of systems (42), that is,
solutions of the linear system
∂jλ
i
λj − λi = −
1∑
Rk
.
One can show that the general solution of this system is given by the formula
λi(R) = f ′i(R
i)
∑
Rk −
∑
fk(R
k),
where fk(R
k) are n arbitrary functions of a single argument.
Remark. Equations (42) can be obtained from the linear systems
Rit˜ = −
1
ci
Ri
ξ˜
, Riz˜ = c
i Ri
ξ˜
,
by a reciprocal transformation
dξ = (
∑
Rk) dξ˜ − (∑Rk/ck) dt˜+ (∑ ckRk) dz˜,
t = t˜, z = z˜.
(44)
Notice that, by virtue of (43), the first equation (44) implies ξ˜ = Ωξ. This reflects the
linearizability of the equation (40) by the contact transformation
ξ˜ = Ωξ, t˜ = t, z˜ = z, Ω˜ = ξΩξ − Ω, Ω˜ξ˜ = ξ, Ω˜t˜ = −Ωt, Ω˜z˜ = −Ωz,
transforming (40) to the linear wave equation
Ω˜ξ˜ξ˜ + Ω˜t˜z˜ = 0;
see, e.g., [4, 9].
Example 5. Let us first recall the definition of the equations of associativity (the
case of 4 primary fields), following [7]. One starts with a function F (t1, t2, t3, t4) whose
dependence on t1 is specified as follows:
F (t1, t2, t3, t4) =
1
2
(t1)2t4 + t1t2t3 + f(t2, t3, t4).
Introducing cαβγ =
∂3F
∂tα∂tβ∂tγ
and ηαβ = c1αβ , defining the structure constants c
γ
αβ =
ηγδcδαβ , and requiring the algebra with these structure constants to be associative, one
arrives at the following system of third order PDEs for the function f(t2, t3, t4):
−2f234 − f233f223 + f333f222 = 0,
−f244 − f233f224 + f334f222 = 0,
−f344 − f223f334 + f224f333 = 0,
−2f234f224 + f244f223 + f344f222 = 0,
f444 − f 2234 + f244f233 − f334f224 + f344f223 = 0,
f333f244 − 2f334f234 + f344f233 = 0;
(45)
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subscripts denote partial differentiation with respect to t2, t3, t4. Following [7], one intro-
duces a triple of hydrodynamic type systems
tβt = c
β
2γt
γ
x, t
β
y = c
β
3γt
γ
x, t
β
z = c
β
4γt
γ
x, β, γ = 1, 2, 3, 4, (46)
which commute with each other. Let us take
f(t2, t3, t4) =
(t2)2(t3)2
2t4
− t4 ln t3 + t4 ln t4,
which is a solution of (45). Introducing the notation t1 = u, t2 = a, t3 = p, t4 = r, one
can write the flows (46) in the conservative form as follows:
rt = ∂xp, ut = −∂x ap2r2 , at = ∂x[u+ 2apr ], pt = ∂x p
2
r
,
ry = ∂xa, uy = −∂x[1p + a
2p
r2
], ay = ∂x[
a2
r
+ r
p2
], py = ∂x[u+
2ap
r
],
rz = ∂xu, uz = ∂x[
1
r
+ a
2p2
r3
], az = −∂x[1p + a
2p
r2
], pz = −∂x ap2r2 ;
(47)
(we point out that these equations are not hyperbolic). One can show by a direct calcu-
lation that there exists a potential Ω whose second derivatives are given by the formulae
Ωxx = r, Ωxt = p, Ωxy = a, Ωxz = u, Ωtt =
p2
r
, Ωyt = u+ 2
ap
r
,
Ωzt = −ap2r2 , Ωyy = rp2 + a
2
r
, Ωyz = −1p(1 + a
2p2
r2
), Ωzz =
1
r
(1 + a
2p2
r2
);
(48)
clearly, Ω solves the equation (1). Introducing the variables µ = p/r, υ = u + ap/r, the
general solution of the flows (47) can be written in the implicit form
z = aΦυυ − Φµυ + rGυ,
y = Φυ + µ[aΦυυ − Φµυ + rGυ],
t = a
2
r
Φυυ + aGυ − 1rΦµµ +Gµ,
x = G− µ[a2
r
Φυυ + aGυ − 1rΦµµ +Gµ],
where Φ(υ, µ) and G(υ, µ) solve the equations
Φυυ + µ
2Φµµ = 0, Gυυ + µ
2Gµµ = 0.
Notice that equations (48) for the potential Ω can be integrated twice, resulting in the
expression
Ω =
(
a2
r
Φυυ + aGυ − Φµµr +G
)
(υΦυ − Φ)−
(aΦυυ + rGυ − Φµυ)(µR + S)− RΦυ +H,
12
where the functions R, S,H are defined by the quadratures
dR = Gµdυ − Gυµ2 dµ,
dS = (Gυ
µ
− υGµ)dµ− (µGµ + υGυ)dυ,
dH = [ΦυGµ + ΦµGυ]dυ + [ΦµGµ − ΦυGυµ2 ]dµ.
It is an interesting problem to find other solutions of the associativity equations which
produce solutions of (1).
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